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Abstract. Recently, a dark energy model characterized by the age of the universe, dubbed “agegraphic dark
energy”, was proposed by Cai. In this paper, a connection between the quintessence scalar-field and the
agegraphic dark energy is established, and accordingly, the potential of the agegraphic quintessence field is

constructed.

1 Introduction

Many cosmological experiments, such as observations of
large scale structure (LSS) [1-3], searches for type Ia su-
pernovae (SNIa) [4, 5] and measurements of the cosmic mi-
crowave background (CMB) anisotropy [6, 7], all suggest
that our universe is experiencing an accelerating expansion
at the present time. Following the standard Friedmann—
Robertson-Walker (FRW) cosmology such an expansion
implies the existence of a mysterious dominant component,
dark energy, with large enough negative pressure. Although
we can affirm that the ultimate fate of the universe is deter-
mined by the feature of dark energy, the nature of dark en-
ergy as well as its cosmological origin remain enigmatic (for
reviews, see e.g. [8—10]). It is fair to say that disclosing the
nature of dark energy is one of the central problems in the re-
search of both cosmology and theoretical physics at present.
Researchers proposed many candidates to interpret or de-
scribe the properties of dark energy. The simplest candidate
for dark energy is the famous cosmological constant which
has the equation of state w = —1. However, the cosmological
constant scenario, is plagued with the so-called “fine-tuning
problem” and “coincidence problem” [11-23]. Theorists
have made lots of efforts to try to resolve the cosmological
constant problem, but all these efforts seem to be unsuccess-
ful. Of course the theoretical consideration is still in process
and has made some progresses.

An alternative proposal for dark energy is the dynamical
dark energy scenario which is often realized by scalar field
mechanism. It suggests that the energy form with negative
pressure is provided by a scalar field evolving down a proper
potential. A famous example of scalar-field dark energy is
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the so-called “quintessence” [24—32]. Provided that the evo-
lution of the field is slow enough, the kinetic energy dens-
ity is less than the potential energy density, giving rise to
the negative pressure responsible to the cosmic accelera-
tion. So far, besides quintessence, a host of scalar-field dark
energy models have been studied such as K-essence [33, 34],
hessence [35—41], tachyon [42, 43], phantom [44, 45], ghost
condensate [46—48] and quintom [49—-51], and so forth. But
we should note that the mainstream viewpoint regards the
scalar field dark energy models as an effective description
of an underlying theory of dark energy. In addition, other
proposals on dark energy include interacting dark energy
models [52—55], braneworld models [56, 57], and Chaplygin
gas models [58—60], etc.

However, we still can make some attempts to probe
the nature of dark energy according to some principles of
quantum gravity although a complete theory of quantum
gravity is not available today. The holographic dark energy
model [61-77] is just an appropriate and interesting ex-
ample, which is constructed in the light of the holographic
principle of quantum gravity theory. That is to say, the
holographic dark energy model possesses some significant
features of an underlying theory of dark energy. More re-
cently, a new dark energy model, dubbed agegraphic dark
energy, has been proposed [78], which takes into account
the uncertainty relation of quantum mechanics together
with the gravitational effect in general relativity.

In the general relativity, one can measure the spacetime
without any limit of accuracy. However, in the quantum
mechanics, the well-known Heisenberg uncertainty relation
puts a limit of accuracy in these measurements. Following
the line of quantum fluctuations of spacetime, Karolyhazy
and his collaborators [79—-81] (see also [82]) made an inter-
esting observation concerning the distance measurement
for Minkowski spacetime through a light-clock Gedanken
experiment, namely, the distance ¢ in Minkowski spacetime
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cannot be known to a better accuracy than

5t = MZ/3H3 (1)
where ) is a dimensionless constant of order unity. We use
the units A = ¢ = kg = 1 throughout this paper. Thus, one
can use the terms like length and time interchangeably,
whereas I, =t, = 1/my, with [, t, and m, being the re-
duced Planck length, time and mass respectively.

The Kérolyhdzy relation (1) together with the time—
energy uncertainty relation enables one to estimate a quan-
tum energy density of the metric fluctuations of Minkowski
spacetime [82,83]. Following [82,83], with respect to (1)
a length scale t can be known with a maximum precision
§t determining thereby a minimal detectable cell §¢3 ~ tgt
over a spatial region t3. Such a cell represents a minimal de-
tectable unit of spacetime over a given length scale ¢. If the
age of the Minkowski spacetime is ¢, then over a spatial re-
gion with linear size ¢ (determining the maximal observable
patch) there exists a minimal cell §#3 the energy of which
due to time-energy uncertainty relation can not be smaller
than [82,83]

Egs~t1. (2)
Therefore, the energy density of metric fluctuations of
Minkowski spacetime is given by [82, 83]

2
E5t3 1 mp
~Y

qu —_—
532t

(3)
In [83] (see also [78]), it is noticed that the Kérolyhdzy
relation (1) naturally obeys the holographic black hole en-
tropy bound. In fact, the holographic dark energy [61-63]
also stems from the the idea of holographic black hole en-
tropy bound. It is worth noting that the form of energy
density (3) is similar to the one of holographic dark en-
ergy [61-63], i.e., pa ~ 152172, The similarity between p,
and p4 might reveal some universal features of quantum
gravity, although they arise from different ways. But, the
agegraphic dark energy model avoids the causality problem
which exists in the holographic dark energy models. For
extensive studies on agegraphic dark energy, see [84—89).

By far, hundreds of dark energy models have been con-
structed. However, it is hard to say that we are close to the
Grail of revealing the nature of dark energy (that almost
means we can understand the quantum gravity well). Al-
though going along the holographic principle of quantum
gravity may provide a hopeful way towards the aim, it is
hard to believe that the physical foundation of agegraphic
dark energy is convincing enough. Actually, it is fair to
say that almost all dynamical dark energy models are set-
tled at the phenomenological level, neither holographic
dark energy model nor agegraphic dark energy model is
exception.

Though, under such circumstances, the models of holo-
graphic and agegraphic dark energy, to some extent, still
have some advantage comparing to other dynamical dark
energy models because at least they are built according
to some fundamental principle — holographic principle —
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in quantum gravity. We thus may as well view that this
class of models possesses some features of an underlying
theory of dark energy. Now, we are interested in that if
we assume the agegraphic dark energy scenario as the
underlying theory of dark energy, how the low-energy ef-
fective scalar-field model can be used to describe it. In
this direction, we can establish a correspondence between
the agegraphic dark energy and quintessence scalar field,
and describe agegraphic dark energy in this case effec-
tively by making use of quintessence. We refer to this case
as “agegraphic quintessence”. The quintessence potential
V(¢) can be reconstructed from supernova observational
data [90—-93]. In addition, from some specific parametriza-
tion forms of the equation of state w(z), one can also recon-
struct the quintessence potential V' (¢) [94, 95]. The recon-
struction method can also be generalized to scalar-tensor
theories [96-98], f(R) gravity [99], a dark energy fluid with
viscosity terms [100-102], and also the generalized ghost
condensate model [103]. For a reconstruction program for
a very general scalar-field Lagrangian density see [104]. For
the scalar-field effective description of the holographic dark
energy see [105-108]. In this paper, we shall reconstruct
the quintessence potential and the dynamics of the scalar
field in the light of the agegraphic dark energy.

In the next section, we briefly review the original age-
graphic dark energy model proposed in [78] and the new
agegraphic dark energy model proposed in [87]. In Sect. 3,
we establish the correspondence between the agegraphic
dark energy and the quintessence. The quintessence po-
tential and the dynamics of the scalar field are also con-
structed in the light of the agegraphic dark energy. Conclu-
sion is given in Sect. 4.

2 Agegraphic dark energy models

2.1 Model 1: the original agegraphic dark energy
model

Based on the energy density (3), a so-called agegraphic
dark energy model was proposed in [78]. There, as the most
natural choice, the time scale ¢ in (3) is chosen to be the age
of the universe

ada
7= 2
Ha’
0

(4)

where a is the scale factor of our universe; H = a/a is the
Hubble parameter; a dot denotes the derivative with re-
spect to cosmic time. Thus, the energy density of the age-
graphic dark energy is given by [78]

3n2m?
Pq = Tp ) (5)

where the numerical factor 3n? is introduced to parame-
terize some uncertainties, such as the species of quantum
fields in the universe, the effect of curved spacetime (since
the energy density is derived for Minkowski spacetime),
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and so on. Obviously, since the present age of the universe
To~ Hy 1 (the subscript “0” indicates the present value of
the corresponding quantity; we set ag = 1), the present en-
ergy density of the agegraphic dark energy explicitly meets
the observed value naturally, provided that the numerical
factor n is of order unity. In addition, by choosing the age
of the universe rather than the future event horizon as the
length measure, the drawback concerning causality in the
holographic dark energy model [61-63] does not exist in
the agegraphic dark energy model [78].

If we consider a flat Friedmann—Robertson—Walker
(FRW) universe containing agegraphic dark energy and
pressureless matter, the corresponding Friedmann equa-
tion reads

1
H?>=—""(pn .
or equivalently,
H(z)  ( Qmo(1+2)*\"?
E(z) = =

where z = (1/a) — 1 is the redshift of the universe. It is con-
venient to introduce the fractional energy densities 2; =
pi/(3m2H?) for i = m and ¢. From (5), it is easy to find

n2

HT? ®)
whereas (2, =1— (2, from (6). By using (5)—(8) and the

energy conservation equation p,, + 3H p,, =0, we obtain
the equation of motion for (2, as [78]

2 =102, (1-12,) (3—%\/@1), (9)

where a prime denotes the derivative with respect to N =
In a. Obviously, (9) can be rewritten as

ddfq =—(14+2)"'2,(1-02,) (3— %\/Q_q> )

2, =

(10)
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From the energy conservation equation p, +3H (pg +pq) =
0, as well as (5) and (8), it is easy to find that the equation-
of-state parameter (EoS) of the agegraphic dark energy
Wq = Pg/pq 1s given by [78]

2
wy =142/ 0. (11)

2.2 Model 2: the new model of agegraphic dark
energy

By choosing the time scale to be the conformal time 7,
Wei and Cai proposed a new agegraphic dark energy
model [87], the new energy density of the agegraphic dark
energy reads

3n’m

2
72 o (12)

Pq =

where the conformal time

_fa [
= a ) a2H'

The corresponding fractional energy density is given by

(13)

n2

We consider a flat FRW universe containing the new
agegraphic dark energy and pressureless matter. By
using (6), (12), (13) and the energy conservation equation
Pm +3Hpy, =0, we find that the equation of motion for {2,

is given by
df, 11— 0, 2 /12 (15)
da a K n a '
Apparently, (15) can also be rewritten as
ds 2
1=—0,01-9,) <3(1—|—z)_1 - —w/nq> . (16)
dz n
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Fig. 1. The evolution of wq for model 1 and model 2 with different model parameter n
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From the energy conservation equation p, +3H (ps +pq) =
0, as well as (12) and (14), it is easy to find that the EoS of
the new agegraphic dark energy, wy = pq/pq, is given by

wq:—l—l—%(l—i—z)\/ﬂ_q. (17)

In order to compare the behaviors of the two agegraphic
dark energy models, we plot the evolution curves of w
in Fig. 1 for the two models with different parameter n. It
is easy to see that the behavior of the new agegraphic dark
energy is very different from the original agegraphic en-
ergy model. For model 1, the EoS has a “thawing” feature.
At earlier time where {2, — 0, one has wy — —1. Namely,
the dark energy behaves like a cosmological constant at
earlier time. At later time where {2, — 1, the EoS goes to
wq = —1+ 2. Therefore the fate of our universe is a forever
accelerated expansion with a power-law form in this dark
energy model [78]. While for model 2, the EoS has a “freez-
ing” feature, i.e., in the late time wy; — —1 when a — oo, it
mimics a cosmological constant regardless of the value of n.

3 Reconstructing agegraphic quintessence

In this section, we will construct the agegraphic quint-
essence models, connecting the quintessence scalar-field
with the agegraphic dark energy.

The quintessence scalar field ¢ evolves in its poten-
tial V(¢) and seeks to roll towards the minimum of the
potential, according to the Klein-Gordon equation ¢ -+
3H¢ = —dV/d¢. The rate of evolution is driven by the
slope of the potential and damped by the cosmic expan-
sion through the Hubble parameter H. The energy density
and pressure are pg = ¢?/2+V, ps = ¢?/2—V, so that
the equation of state of quintessence wg = py/pe evolves
in a region of —1 < wy < 1. Usually, for making the uni-
verse’s expansion accelerate, it should be required that
wy must satisfy wg < —1/3. Obviously, both model 1 and

V(9)

0.6 0.7
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model 2 can be described by the quintessence. We establish
a correspondence between the agegraphic dark energy and
quintessence scalar field, and describe agegraphic dark en-
ergy effectively by making use of quintessence. We refer to
this case as “agegraphic quintessence”.

Now we are focussing on the reconstruction of the age-
graphic quintessence. We shall reconstruct the quintessence
potential and the dynamics of the scalar field in the light
of the agegraphic dark energy with n > 1. According to the
forms of quintessence energy density and pressure, one can
easily derive the scalar potential and kinetic energy term as

Vig) _1

oo =§(1—w¢)9¢E2» (18)
(i)Q
P (1+wg)2,E?, (19)

where peo = 3m2H§ is today’s critical density of the uni-
verse. If we establish the correspondence between the age-
graphic dark energy with n > 1 and quintessence scalar
field, then E, 24 and wy are given by (7), (10) and (11) for
model 1, while by (7), (16) and (17) for model 2. Further-
more, the derivative of the scalar field ¢ with respect to the
redshift z can be given by
do mp+/3(1 4wy )2

dz = 1+z ’ (20)
where the sign is actually arbitrary since it can be changed
by aredefinition of the field, ¢ — —¢. Consequently, we can
easily obtain the evolutionary form of the field

o) = [ Saz,

0

z

(21)

by fixing the field amplitude at the present epoch (z = 0) to
be zero, ¢(0) = 0.

The reconstructed quintessence potential V' (¢) is plot-
ted in Fig. 2, where ¢(z) is also reconstructed according

30
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Fig. 2. The reconstruction of the potential for the agegraphic quintessence where ¢ is in unit of mp and V (¢) in pco. We take here

Qmo = 0.28
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Fig. 3. The revolution of the scalar-field ¢(z) for the agegraphic quintessence, where ¢ is in unit of mp. We take here §2,,0 = 0.28

0 (20) and (21), also displayed in Fig. 3. Selected curves
are plotted for the cases of n =2,3,4 and 5, and the
present fractional matter density is chosen to be (2,0 =
0.28. From Figs. 2 and 3, we can see the dynamics of the
scalar field explicitly. As suggested in [109], quintessence
models can be divided into two classes, “thawing” models
and “freezing” models. Thawing models depict those scalar
fields that evolve from w = —1 but grow less negative with
time as dw/d Ina > 0; freezing models, whereas, describe
those fields evolve from w > —1, dw/dIna < 0 to w — —1,
dw/dIna — 0. Roughly, the agegraphic quintessence cor-
responding to model 1 should be ascribed to the “thawing”
model, while the agegraphic quintessence corresponding to
model 2 should be ascribed to “freezing” model. As we have
seen, the dynamics of the agegraphic quintessence can be
explored explicitly by the reconstruction.

4 Conclusion

In conclusion, we suggest in this paper a correspondence
between the agegraphic dark energy scenario and the
quintessence scalar-field model. We adopt the viewpoint
that the scalar field models of dark energy are effective the-
ories of an underlying theory of dark energy. A new dark
energy model, named as “agegraphic dark energy”, has
been proposed by Cai [78], based on the Karolyhdzy uncer-
tainty relation, which arises from the quantum mechanics
together with general relativity. Perhaps, one may argue
that the agegraphic dark energy lacks convincing physi-
cal foundation and the two models with energy densities
in (5) and (12) considered in this paper are just two types
of the phenomenologically parametrized equation of state
of dark energy. However, anyway, one should admit that
it is an interesting attempt to consider the nature of dark
energy based on some combination of quantum mechanics
and general relativity.

If we regard the scalar-field model (such as quint-
essence) as an effective description of such a theory, we

should be capable of using the scalar-field model to mimic
the evolving behavior of the agegraphic dark energy and
reconstructing this scalar-field model according to the evo-
lutionary behavior of agegraphic dark energy. We show
that the agegraphic dark energy with n > 1 can be de-
scribed totally by the quintessence in a certain way. A cor-
respondence between the agegraphic dark energy and
quintessence has been established, and the potential of the
agegraphic quintessence and the dynamics of the field have
been reconstructed.
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